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Abstract
We consider a single brane embedded in five dimensions with zero and positive
cosmological constant. In this setup, the existence of dS4 brane is allowed. We
explore the gravitational fluctuations on the brane, it is pointed out that the
usual four-dimensional gravity can be reproduced by a normalizable zero mode
and that the continuous massive modes are separated by a mass gap from zero
mode. We derive the relation among the cosmological constant in the brane,
the five dimensional fundamental scale and Planck scale. Finally we show that
nonzero small observed cosmological constant cannot be obtained in this setup.
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Recent observation has indicated that the cosmological constant Λ4 is a sufficiently
small positive value, Λ4 ∼ (10−3eV)4 [1]. Consequently it is natural to assume that
we live in a de Sitter universe. However it is difficult to explain the reason for the
smallness of Λ4, so called cosmological constant problem. By using the warped extra
dimension scenario by Randall and Sundrum [2], new suggestion for the cosmological
constant problem was proposed.
Based on the assumption that physics of four dimensions should be explained by
higher dimensional theory, the warped braneworlds with an infinite extra dimension
are remarkable scenarios in the field of particle physics. Ref. [2] has led the conclu-
sion that the gravity can be localized on flat 3-brane embedded in AdS5, the usual
four-dimensional gravity can be reproduced at large distance scale. This is because a
normalizable zero mode exists and the effective four-dimensional Planck scale is finite.
Due to fine-tuning between the bulk cosmological constant and the brane tension, the
four-dimensional cosmological constant is vanishing. Furthermore, the close relation
between AdS/CFT correspondence and the Randall-Sundrum model is explored in the
last couple of years [3, 4, 5]. Moreover it is expected that the warped braneworlds
provide new scenario in the framework of phenomenological model buildings and cos-
mologies. We made the extension of the five-dimensional Randall-Sundrum model to
(5 + n)-dimensions, and analyzed the localization of gravity and the small correction
terms to four-dimensional Newton’s law [6, 7]. Thus it is important to investigate the
behavior of gravity in the warped braneworlds [8, 9, 10, 11, 12, 13, 14, 15, 16, 17]. For
instance, Karch and Randall had explored the behavior of the gravity on dS4 brane
and AdS4 brane embedded in AdS5 background [15]. In the case of dS4, a normalizable
zero mode of gravity exists. In the case of AdS4, zero mode don’t exist and massive
modes have discrete eigenvalues due to the box-like volcano potential in Schro¨dinger
equation.
Thus an important feature of the warped braneworld is the localization of gravity
on the brane. Moreover, it is interesting to study whether nonzero small cosmological
constant Λ4 in brane can be obtained or not.
In this letter, we consider the braneworlds with zero and positive bulk cosmological
constant in contrast to Karch and Randall [15]. Solving the Einstein equation of this
setup, it is shown that there only exists the solution of dS4 brane. We examine the
resultant volcano potential in order to study the fluctuations of linearized gravity on a
single dS4 brane. Furthermore, we investigate the value of the cosmological constant
Λ4 in dS4 brane.
The action of the setup, a single 3-brane with the brane tension V is located at
y = 0, is given by
S =
∫
d4x dy
√−G
(
1
2κ25
R− Λ
)
−
∫
d4x
√−g V , (1)
where Λ is the cosmological constant in the bulk and κ25 is the five dimensional gravi-
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tational constant. The ansatz for metric in five dimensions is given by
ds2 = a2(y)gµνdx
µdxν + dy2 ≡ GMNdxMdxN , (2)
where a(y) is a warp factor, it is assumed that the fifth dimension y satisfies the Z2
symmetry. The four-dimensional slice has a de Sitter metric as follows,
gµνdx
µdxν = −dx20 + e2
√
Λ¯ x0
(
dx21 + dx
2
2 + dx
2
3
)
. (3)
Here we define 3Λ¯ ≡ Λ4/M2pl, where Λ4 and Mpl are four-dimensional cosmological
constant and Planck scale, respectively. Moreover, Anti-de Sitter slices can be obtained
by the following transformations: x0 → ix3, x3 → ix0, and
√
Λ¯ → i
√
Λ¯. Einstein
equations of this setup are explicitly expressed as
(
a′
a
)2
− Λ¯
a2
= −κ
2
5
6
Λ (4)
and
a′′
a
= −κ
2
5
6
Λ− κ
2
5
3
V δ(y) . (5)
Using the above equations, we can obtain the warp factor for Λ < 0, Λ = 0, and Λ > 0.
The solutions to the equations were first investigated in Ref. [8] which investigated the
Einstein equations for a single brane or two branes embedded in the curved background.
For Λ < 0, the solutions to dS (Λ¯ > 0) brane and AdS (Λ¯ < 0) brane have been
analyzed by Karch and Randall [15]. Moreover, the case of Λ¯ = 0 corresponds to the
original Randall-Sundrum model [2]. For this reason, in this letter, we don’t discuss
the localization of gravity in the braneworlds with negative bulk cosmological constant.
For Λ = 0, the solution of AdS (Λ¯ < 0) brane cannot exist. Although the solution
of Λ¯ = 0 is allowed, the warp factor becomes a constant. Namely, the case is not
interesting because of non-warped metric. However, the solution of dS (Λ¯ > 0) brane
exists. The warp factor is given by
a(y) =
√
Λ¯ (c− |y|) , (6)
where c is a positive integration constant. From Eq.(5), the jump condition at y = 0
leads to the brane tension
V =
6
κ25c
. (7)
The form of warp factor in Eq.(6) yields the system of positive tension brane.
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For Λ > 0, the solution of dS (Λ¯ > 0) brane is allowed. The warp factor can be
expressed as [8]
a(y) = L
√
Λ¯ sin
c− |y|
L
, L =
√
6
k25Λ
. (8)
From Eq.(4), note that the solutions of Λ¯ = 0 and Λ¯ < 0 cannot be allowed. Further-
more, the brane tension takes the form as follows
V =
6
κ25L
cot
c
L
. (9)
Thus the positive tension brane can be obtained by taking positive constant c. From
Eqs.(6) and (8), it implies that c is the distance between the brane and the horizon.
Moreover, the normalization condition of a(0) = 1 leads to the relation between Λ¯ and
c. Consequently, we have Λ¯ = c−2 for Λ = 0, and Λ¯ = L−2 sin−2 c/L for Λ > 0. From
Eqs.(7) and (9), we have Λ¯ = (κ25V/6)
2 for Λ = 0 and Λ¯ = (κ25V/6)
2 + L−2 for Λ > 0.
Taking the limit of large L (small Λ), the warp factor of Eq.(8) approaches the one of
Eq.(6). For the limit of c/L≪ 1, Eq.(9) is consistent with Eq.(7).
As mentioned above, in setup considered here, it turns out that a dS4 brane can
be allowed in five dimensions with zero and positive cosmological constant. Below, in
order to study the behavior of gravity we examine the potential in wave equation for
gravitational fluctuation.
Taking gµν+a
−2(y)hµν(x, y) as the gravitational fluctuation around the background
metric, we can obtain the wave equation for gravity. By imposing transverse-traceless
gauge conditions for these fluctuations, a separation such as hµν(x, y) = hµν(x)ψ(y)
yields the wave function for gravity as follows
d2
dy2
ψ +

−2a′′
a
− 2
(
a′
a
)2
+m2a−2

ψ = 0 . (10)
Here we used wave equation of the four-dimensional gravity in curved background, (✷+
2Λ4/M
2
pl)hµν = m
2hµν , where ✷ is the four-dimensional covariant d’Alembertian and
m2 corresponds to the mass of four-dimensional gravity. Transforming to conformally
flat coordinate z =
∫
dy a−1(y) and performing replacement of ψ(y) = a1/2(y)ψ˜(z), we
have the familiar Schro¨dinger equation. For the cases of Λ = 0 and Λ > 0, we show that
the relation between y-coordinate and z-coordinate and the resultant volcano potential
in the Schro¨dinger equation. The conformally z coordinate is given by
Λ = 0 : z(y) = sgn(y)
1√
Λ¯
{
log
(
1
c− |y|
)
− z0
√
Λ¯
}
(11)
Λ > 0 : z(y) = sgn(y)
1√
Λ¯

arc cosh

 1
sin c−|y|
L

− z0√Λ¯

 , (12)
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Figure 1: Volcano potential in dS brane for Λ > 0
where the constant z0 is given by
Λ = 0 : z0 =
1√
Λ¯
log
1
c
(13)
Λ > 0 : z0 =
1√
Λ¯
arc cosh
(
1
sin c
L
)
. (14)
Thus the z coordinate runs from −∞ to +∞. The warp factors can be rewritten in
terms of z, accordingly, a(z) = e−
√
Λ¯|z| for Λ = 0 and a(z) = L
√
Λ¯/ cosh(
√
Λ¯(z0 + |z|))
for Λ > 0. Using Eqs.(6) and (8), Eq.(10) is expressed in terms of z
[
− d
2
dz2
+ V (z)
]
ψ˜ = m2ψ˜ , (15)
where the volcano potential for Λ = 0 and Λ > 0 is given by
Λ = 0 : V (z) =
9
4
Λ¯− 3
√
Λ¯δ(z) (16)
Λ > 0 : V (z) =
9
4
Λ¯− 15
4
Λ¯
cosh2
√
Λ¯ (z0 + |z|)
− 3
√
Λ¯ tanh z0
√
Λ¯ δ(z) . (17)
In the case of Λ = 0 the volcano potential is a positive constant. In the case of Λ > 0 as
shown in Fig.1, the potential approaches a non-zero constant 9Λ¯/4 for |z| → ∞. Note
that there is no blow-up at the horizon in contrast to setup of AdS4 brane embedded
in AdS5 analyzed by Karch and Randall [15]. Since the Hamiltonian in Eq.(15) is a
positive definite value, the eigenvalue m2 ≥ 0 [11].
For Λ = 0, solving the Schro¨dinger equation imposed by the jump condition at z =
0, the zero mode wave function is given by ψ˜0(z) = (3
√
Λ¯/2)1/2e−
3
2
√
Λ¯|z|. Since there is a
normalizable zero mode wave function, the localization of gravity occurs on the brane.
Namely, the effective four-dimensional Planck scale is finite value. The massive mode
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wave functions for 0 < m2 < 9Λ¯/4 are given by ψ˜m ∼ exp[−
√
9Λ¯/4−m2 |z|], however,
these modes do not exist there. This is because these modes aren’t consistent with jump
condition. For m2 ≥ 9Λ¯/4, the wave functions become plane waves with continuous
modes. Thus a zero mode mode is separated by a mass gap 9Λ¯/4 from the continuous
massive modes. The gravitational potential between two unit masses via zero mode is
given by V (r) ∼ κ25|ψ˜0(0)|2/r = 3κ25
√
Λ¯/2r. The contributions of massive modes are
described in summary. Therefore we can obtain the effective four-dimensional Planck
scale M−2pl = 3κ
2
5
√
Λ¯/2. Consequently, the four-dimensional cosmological constant Λ4
is given by
Λ4 =
4
9
M4pl
(
M
Mpl
)6
. (18)
Here we used Λ¯ ∼ Λ4/M2pl and κ25 ≡ M−3, where M is the fundamental scale of five
dimensions. Note that Λ4 is in proportion to sixth powers of ratio M/Mpl, Eq.(18)
is consistent with Λ4 in warped compactification of Type IIB string theory [18]. The
observed value of Λ4 leads to the ratio M/Mpl ∼ 10−20, namely, we obtain M =
O(100 MeV). Thus this case is phenomenologically ruled out. Setting M = O(TeV),
the cosmological constant in brane cannot be consistent with the observed value.
For Λ > 0, the general solution of the Schro¨dinger equation with potential of Eq.(17)
is expressed as
ψ˜m(z) = A
[
cosh
√
Λ¯(z0 + |z|)
]−ρ
2F1

ρ− 3
2
, ρ+
5
2
; 1 + ρ;
1− tanh
√
Λ¯(z0 + |z|)
2


+B
[
cosh
√
Λ¯(z0 + |z|)
]ρ
2F1

−ρ− 3
2
,−ρ+ 5
2
; 1− ρ; 1− tanh
√
Λ¯(z0 + |z|)
2

 (19)
where ρ =
√
9/4−m2/Λ¯ and A,B are the normalization factors. Taking account into
the divergence at |z| → ∞, both B = 0 and 3/2 − ρ = n can be required by the
finiteness of hypergeometric function, where n ∈ Z+0 . Namely, the cases of n = 0, 1
are allowed. For n = 0 (ρ = 3/2, m2 = 0), this corresponds to a zero mode of gravity
and the corresponding wave function is given by ψ˜0(z) ∼ cosh−3/2
√
Λ¯(z0 + |z|), which
is consistent with the jump condition at z = 0. For n = 1 (ρ = 1/2, m2 = 2Λ¯), the
massive modes take the following form, ψ˜m ∼ sinh
√
Λ¯(z0 + |z|) cosh−3/2
√
Λ¯(z0 + |z|),
however, the wave function isn’t consistent with the jump condition. Namely, in the
region of 0 ≤ m2 < 9Λ¯/4, there is a normalizable zero mode. For m2 > 9Λ¯/4,
since ρ is imaginary number, the solutions of Eq.(19) are plane waves with continuous
modes at large z. Also in this case there exists a mass gap between the zero mode
and massive modes, the onset of massive mode starts from
√
9Λ¯/4. The behavior of
Newton potential via massive modes is described in summary. At r ≫ r0 = 2/3
√
Λ¯, a
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zero mode generates the usual Newton’s law. Estimating the normalization factor of
zero mode wave function, we can obtain the cosmological constant Λ4 in dS brane as
follows,
Λ4 =M
4
pl
(
M
Mpl
)6
(1 + ǫ2)3
(
π
2
− ǫ
1 + ǫ2
− arc tan ǫ
)2
, ǫ ≡ LV
6M3
. (20)
Note that the value of Λ4 is determined by the bulk curvature L when M and V are
fixed. For instance, the limit of ǫ→∞ leads to
Λ4 =
4
9
M4pl
(
M
Mpl
)6
, (21)
where this situation corresponds to the case of Λ = 0. Moreover the case of ǫ = 0 (Λ→
∞) leads to
Λ4 =
π2
4
M4pl
(
M
Mpl
)6
. (22)
Thus, for arbitrary value of the cosmological constant in the bulk, we obtain ap-
proximately Λ4 ∼ O(1) ×M4pl(M/Mpl)6. Similar to the case of Λ = 0, we must set
M = O(100 MeV) in order to obtain the observed value of Λ4.
In summary, we considered a single positive tension 3-brane embedded in five-
dimensional world with zero (Λ = 0) and positive (Λ > 0) cosmological constant.
Solving Einstein equations of the setup, dS brane (Λ¯ > 0) is allowed, and the cases of
flat brane (Λ¯ = 0) and AdS brane (Λ¯ < 0) are ruled out. Furthermore, we investigated
whether nonzero small cosmological constant in brane can be obtained or not.
In the case of dS brane in Λ = 0, the resultant volcano potential is a positive
nonzero constant, and positive tension brane gives rise to a delta function of attractive
force. Furthermore, there is a mass gap between zero mode and continuous massive
mode. We derived the relation between the cosmological constant in the brane and
the five-dimensional fundamental scale. In order to obtain nonzero small observed
cosmological constant, it turns out that the five-dimensional fundamental scale must
be the order of a few MeV scale.
In the case of dS brane in Λ > 0, the resultant volcano potential approaches a
positive non-zero constant at large conformally coordinate z. In similar to the above
case, there exists a mass gap between zero mode and massive modes. It is shown that
the cosmological constant in brane depends on the value of bulk curvature. Similar to
the case of Λ = 0, nonzero small observed cosmological constant is tuned by the five
dimensional scale of a few MeV scale.
We must describe some comments with respect to the behaviors of Newton potential
via the massive modes. For Λ = 0 and Λ > 0, taking into account of the massive modes,
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the Newton potential on the dS brane were investigated in Ref.[19]. The continuous
massive modes separated by the mass gap from zero mode give the correction terms to
the Newton potential. At the distance larger than the inverse of lowest massive mode
and smaller than Hubble scale H =
√
Λ¯, the five dimensional gravity appears on the
brane due to dominance of correction terms.
Thus the localization of gravity on the brane occurs in the setup considered here,
however, nonzero small observed cosmological constant cannot be obtained. The setup
of dS brane embedded in Λ = 0 and Λ > 0 can be ruled out from the viewpoint of
astrophysics measurements. Here we give some comments. Although de Sitter bulk
may be unusual in the cosmological context, there are a number of investigations of
dS/CFT correspondence inspired by AdS/CFT. There are many works exploring fully
satisfactory dS solution of string theory, it is expected that dS may provide several
solutions to the cosmological constant problem or quantum gravity.
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